The intriguing difference between far-infrared photoconductivity spectroscopy and absorption spectroscopy in the measurement of the magnetoplasmon frequency in GaAs quantum wells reported by Holland et al. [Phys. Rev. Lett. 93, 186804 (2004)] remains unexplained to date. This Letter provides a consistent mechanism to solve this puzzle. The mechanism is based on the electron reservoir model for the integer quantum Hall effect in graphene [Phys. Lett. A 376, 616 (2012)]. We predict sharp kinks to appear in the magnetic induction dependence of the magnetoplasmon frequency at very low temperatures such as 14 mK in the same GaAs quantum well sample used by Holland et al..
The intriguing difference between far-infrared photoconductivity spectroscopy and absorption spectroscopy in the measurement of the magnetoplasmon frequency in GaAs quantum wells reported by Holland et al. [Phys. Rev. Lett. 93, 186804 (2004) ] remains unexplained to date. This Letter provides a consistent mechanism to solve this puzzle. The mechanism is based on the electron reservoir model for the integer quantum Hall effect in graphene [Phys. Lett. A 376, 616 (2012)]. We predict sharp kinks to appear in the magnetic induction dependence of the magnetoplasmon frequency at very low temperatures such as 14 Although most of the transport and optical measurements in low-dimensional semiconductors can be successfully explained by various theoretical models, there remain a few experiments where a full understanding is still missing. The pioneering work of Holland et al. [1] is one of those experiments where a consistent theory is lacking.
The key finding of that experiment, which is yet to be understood, is the qualitative difference between magnetoplasmon frequency measured in far-infrared photoconductivity (FIR-PC) spectroscopy and that measured in absorption spectroscopy. This difference was unexpected then and remains unexplained to this date. The purpose of this Letter is to solve this puzzle using a theory based on the electron reservoir model (ERM).
Among many theoretical models of the integer quantum Hall effect [2] , the ERM [3] [4] [5] [6] [7] can reproduce the quantum Hall resistivity as a function of the gate voltage, magnetic induction, and temperature in perfect agreement with experiment. Nevertheless, the original idea [3] that the electron reservoir (ER) is due to donor impurity levels had been believed unlikely [8] . The unknown mechanism of the ER had been obscuring the validity of the ERM for decades until it was finally revealed very recently [6] . It was found that the mechanism can be explained by considering nonuniform electron density distribution in the two-dimensional electron system (2DES) caused by the Lorentz force. This can happen only when there are both a dc current and a perpendicular magnetic field in the 2DES [6] . The proposed mechanism should provide an important missing piece in the ERM for the integer quantum Hall effect. It is, therefore, of paramount significance to verify the correctness of the proposed mechanism by carefully examining as many different experiments as possible. In this Letter we investigate the measurement of magnetoplasmon frequency by two different experimental methods carried out by Holland et al. [1] and show that their findings provide clear theoretical evidence for the mechanism of the ER proposed in [6] . We also propose a new experiment that would validate the proposed mechanism of the electron reservoir model.
Holland et al. [1] measured the long-wavelength magnetoplasmon frequency in a GaAs quantum well by varying the magnetic induction. Using both FIR-PC spectroscopy and absorption spectroscopy, they explored a wide range of magnetic induction strengths to obtain explicit filling factor dependence of the magnetoplasmon dispersion. They found that the dispersion measured in the FIR-PC spectroscopy deviates quite significantly from the well-established semiclassical dispersion. They defined the renormalized magnetoplasmon frequency,
where ! EXP mp is the measured magnetoplasmon frequency, " is the dielectric constant of the GaAs semiconductor into which the 2DES is embedded, Àe is the electron charge, N s is the electron number density, q is the wave number vector, ! c ¼ eB=mc is the cyclotron frequency, m is the electron effective mass, and ¼ hcN s =eB is the filling factor. For a fixed value of the wave number vector q, Eq. (1) would show that EXP mp is simply proportional to the filling factor. After the measurement, however, they found a quantized dispersion with plateaus forming around even filling factors in the FIR-PC measurement. Such plateaus are not observed
week ending 23 AUGUST 2013 0031-9007=13=111(8)=086801 (4) 086801-1 Ó 2013 American Physical Society in the absorption spectroscopy measurement. The mechanism of the observed magnetoplasmon plateaus has been explained by the electron reservoir model [9] , but the origin of the difference between the two methods, i.e., FIR-PC and absorption spectroscopy, has been left unsolved. In this Letter we theoretically verify that the difference is due to the presence of dc current in the FIR-PC measurement. We also calculate the magnetic induction dependence of the magnetoplasmon dispersion at 14 mK. Our calculation predicts sharp kinks in the magnetoplasmon frequency as a function of the magnetic induction for a fixed value of the wavelength if FIR-PC spectroscopy is used. Such kinks should not be observed in the absorption spectroscopy measurement. Quantum statistical calculation of the dispersion of the magnetoplasmon has been carried out by many authors. One of the simplest theories is the self-consistent linear response approximation (SCLRA) [10] . In classical electrodynamics the scalar potential A ð1Þ 0 induced by the electron density fluctuation satisfies the Poisson equation
In the SCLRA the density fluctuation on the right-hand side is assumed to be given by the linear response formula
where Dðr; t; r 0 ; t 0 Þ is the retarded density response function of two-dimensional electrons and ðx 3 Þ is the localized wave function along the direction perpendicular to the quantum well. We use the notation r ðx 1 ; x 2 Þ. An integro-differential equation for the density fluctuation with retardation effects can be derived by eliminating the scalar potential A ð1Þ 0 from Eqs. (2) and (3). By expanding the Fourier transform of the electron density response function in powers of the wave vector q, the equation can be analytically solved and the dispersion of the magnetoplasmon can be calculated [10] [11] [12] [13] [14] . Considering up to the fourth order terms, we obtain two magnetoplasmon modes [14] :
and
where the wave number vector q, the magnetic length l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi c@=eB p , and ¼ e 2 =l@! c have been defined. The coefficients A 1 and A 2 are given by the Fermi distribution function as
where ¼ 1=k B T and E n is the energy eigenvalue of the nth Landau level with spin , given by
Here we have defined the Bohr magneton B ¼ e@=2m 0 c with the electron rest mass m 0 , and the effective g factor g Ã . We adopt g Ã ¼ 6 in this work [9] . We have also defined sgnðÞ ¼ =jj for the spin variable . In the above calculation we assumed the zero-thickness limit for the wave function . The effects of finite thickness are discussed in Ref. [14] .
In the geometry of the magnetoplasmon experiment shown in Fig. 1 , the magnetic field is perpendicular to the x 1 -x 2 plane on which the 2DES is placed. In the FIR-PC measurement there is a steady dc current I 1 in the x 1 direction, because the measurement of resistivity requires dc current. By virtue of the Lorentz force acting on the electrons there is a macroscopic accumulation of electrons on one side if there is a macroscopic steady flow of the electrons. Consequently, in order to analyze the FIR-PC data it is necessary to take into account the nonuniform spatial distribution of the electrons along the x 2 direction. On the other hand, there is no such current in the absorption spectroscopy measurement. This is the essential difference between the two experimental methods.
The nonuniform charge density can be taken into account by dividing the 2DES into many strips of rectangular-shaped subsystems parallel to the x 1 axis as shown in Fig. 1 [6] . The length and width of each subsystem are L 1 and ÁL, respectively. A subsystem is denoted by S i (i ¼ 1; 2; 3; . . . ; L 2 =ÁL). We assume the macroscopic condition a ( ÁL ( L 2 , where a is the mean free path of the electrons and L 2 is the width of the 2DES. The spatial distribution of the electron number density in each subsystem is assumed to be uniform. Their values may depend on i, but the chemical potential should take the same value. This is the mechanism of the electron reservoir model proposed by Toyoda and Zhang [6] to explain the integer quantum Hall effect observed in graphene. The SCLRA can be applied to each subsystem to calculate the magnetoplasmon dispersion. Because the total photon energy of the electromagnetic radiation due to the magnetoplasmons from all subsystems is measured in the experiment [1] , the observed magnetoplasmon dispersion is given by the dispersion of each subsystem. Hence the dispersion is given by Eqs. (4) and (5) . The theoretical difference between the observed dispersions in the FIR-PC spectroscopy and absorption spectroscopy measurements can be attributed to the quantum statistical expectation value for the electron number density:
In the FIR-PC measurement the chemical potential is a given quantity and N 2DES becomes a function of B, T, and . On the other hand, in the absorption spectroscopy measurement N 2DES is a given quantity. Consequently, the B dependence of the coefficients A 1 and A 2 defined by Eqs. (6) and (7) is totally different in the two measurements. For the FIR-PC measurement the chemical potential is given as ¼ @ 2 N s =m, where N s is the electron number density of the sample [7, 9] . The dispersions (4) and (5) are independent of the size of each subsystem. Each subsystem may have different electron number density, but the chemical potential remains constant over the whole system. Therefore, if the SCLRA is applied to each subsystem, the total dispersion is equivalent to Eqs. (4) and (5) .
In Figs. 2 and 3 we plot the renormalized dispersion 
as a function of the filling factor ¼ hcN s =eB for the sample M1218 and HH1295 in the measurement by Holland et al. [1] . The electron number densities are N s ¼ 5:58 Â 10 11 cm À2 for M1218 and N s ¼ 1:93 Â 10 11 cm À2 for HH1295 [1] . The dielectric constant in is calculated using the value of the Thomas-Fermi wave vector given in [1] , i.e., ¼ 15 for M1218 and ¼ 16:9 for HH1295. In both Figs. 2 and 3 the experimental data taken from Fig. 4 in Ref. [1] are given by blue dots which show excellent agreement with the theoretical results. This calculation improves our previous results given in Ref. [9] as the renormalized dispersion (10) includes the higher order terms in the power series expansion of the wave vector. As shown in [14] , the long wavelength expansion is valid for B c < B with B c ' 2 (T) for the experimental condition of Ref. [1] . This may explain the deviation of the theoretical renormalized 3 (color online) . The solid line is the filling factor dependence of the renormalized magnetoplasmon dispersion calculated by Eq. (10) using the parameters for the sample HH1295 given in [1] , i.e., N s ¼ 1:93 Â 10 11 cm À2 and ¼ 16:9. The dots are experimental data taken from Fig. 4(b) of Ref. [1] . dispersion for the small values of the magnetic induction in Fig. 3 . In Fig. 4 we plot the magnetic induction dependence of the magnetoplasmon frequency given by (4), using the values of the parameters of the sample M1218 given in Ref. [1] at T ¼ 1:8 K. The theoretical dispersion curve clearly shows the characteristic deviations as found in the experimental data given in Fig. 3 of Ref. [1] . The agreement with the experiment is excellent. It should be noted that Figs. 2 and 3 are for the renormalized magnetoplasmon frequencies given by (10) , while Figs. 4-6 are for the magnetoplasmon frequencies given by (4) . The plateaus in the renormalized frequency plot become the peak structure in the frequency plot.
In Fig. 5 we plot the same dispersion for T ¼ 14 mK. As shown in Fig. 5 there appear distinct sharp kinks in the B dependence of the dispersion at T ¼ 14 mK. By comparing the magnetoplasmon frequency measured at 14 mK with that measured at 1.8 K, one should be able to observe these kinks predicted here. Therefore, we propose an extremely low temperature measurement of the magnetic induction dispersion by using the FIR-PC spectroscopy as well as the absorption spectroscopy for a GaAs quantum well sample such as M1250 or HH1295 used in the experiment by Holland et al. [1] . Our theory predicts that only the FIR-PC spectroscopy measurement will produce the sharp kinks in the dispersion.
In conclusion, we have shown that a collective excitation energy such as magnetoplasmon frequency can be qualitatively different if it is measured by FIR-PC spectroscopy or deduced from absorption spectroscopy. This difference can be attributed to the fact that a dc current exists in the FIR-PC experiment and is absent in the absorption spectroscopy. The Lorentz force acting on the dc current causes nonuniform electron density distribution, and therefore the chemical potential should be adopted as the relevant thermodynamic variable to characterize the 2DES under a perpendicular magnetic field. This mechanism can only be consistently analyzed with the ER model [6] .
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ν ω π = FIG. 6 (color online). The magentoplasmon dispersion I ¼ ! I =2c given by Eq. (4) is plotted as a function of the magnetic induction B and temperature T. The parameters for the sample M1218 given in [1] , i.e., N s ¼5:58Â10 11 cm À2 and ¼15, are used. 
